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Abstract
A new impedance boundary condition method for calculating the series impedance of lossy
quasi-TEM transmission lines is presented. Previous techniques using a more standard
impedance boundary condition are typically limited to high frequency where the impedance
boundary conditions can be easily approximated due to its localized characteristics in that
limit. The new impedance boundary condition, referred to as the effective internal
impedance (EII) produces values that are relatively localized (independent of the presence
of other conductors) from low to high frequency, allowing the relatively simpler surface
impedance of an isolated conductor to be used as an approximation of the EII.
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I. Introduction
For efficient modeling of wide bandwidth, high speed lossy transmission lines
frequency dependent characteristics induced by finite metal conductivity must be accurately
approximated. One of the more popular approaches is the "volume filament technique" [1,
2], where the conductor volume is divided into several filaments each assumed to carry
uniform currents; under this assumption it is straightforward to calculate the mutual
inductances between these filaments (Fig. 2a). The inverse of impedance matrix can then
be obtained. However, due to highly non-uniform current distributions at high frequency, a
large number of filaments must be used to accurately predict series impedance when skin
and proximity effects are strong. A generally more attractive approach is a "surface integral
equation method" [3, 4] where only surface currents are modeled, requiring much less
memory usage and CPU time for simulation. This approach, however, requires calculation
of surface current distributions using the method of moments that can be numerically
expensive, especially when there are sharp corners.

This technique may also have

numerical problems at low frequency when current distribution is almost uniform across
the cross-section of the conductors, as opposed to the high frequency limit when the
current density is well approximated as a surface current.
An impedance boundary condition (IBC) is usually adopted to simplify the problem
by eliminating the regions with finite conductivity from the domain to be solved, for
example, the lossy conductors in eddy current and transmission line problems [5].
Solutions can then be obtained by applying the finite element method (FEM) [6, 7], the
boundary element method (BEM) [8, 9], the electric/magnetic field integral method
(MFIE/EFIE) [10, 11], the finite difference time domain method (FDTD) [12, 13], etc.
Schelkunoff [14] first introduced the concept of surface impedance for the analysis
of coaxial cables. A simple and widely used boundary condition, the Leontovich boundary
condition [15] (referred to here as the standard impedance boundary condition (SIBC)),
Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

2

was originally developed for use when the skin depth is small relative to other dimensions
of the problem, or the layer is thin and highly lossy. At low and mid frequency where the
skin depth is comparable to or larger than the dimensions of the structures, the surface
impedance is strictly no longer a local property and depends on the global geometry of the
conductors. Consequently it is much harder to approximate surface impedance at low
frequencies. The new technique presented in this paper shows a new boundary condition
whose properties are much easier to predict over a broad bandwidth from low to high
frequency.

II. Motivation and Formulation
The volume filament technique has been widely used in high performance package
modeling since an external Green’s function can be used to calculate mutual inductances
between conductors regardless of their different conductivities, avoiding solving
complicated boundary condition problems that are often encountered in surface equivalent
problems. Also, this technique directly calculates resistances and inductances (rather than
field quantities) that are frequently required for circuit simulation.

According to the

equivalence theorem, the original problem can be replaced with equivalent surface currents
as long as this current generates the correct fields outside of the conductors, while the fields
inside of the conductor can be assumed to be arbitrary. This allows one to replace the
medium inside the conductor boundaries with the same medium as the external region.
Consequently, an external Green’s function can be used everywhere in the integral
equations.
In formulating a surface boundary condition the fields inside of the conductor are
usually assumed to be zero [16], but here we assume the vector magnetic potential is
continuous across conductor surfaces, and the equivalent surface current is defined as the
difference between original tangential magnetic field and internal tangential magnetic field
generated in this new equivalent problem. Figure 1 shows the original problem and the
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equivalent problem explained here. Of course, it might seem that this new approach would
make problem much more complicated, but as will be demonstrated in this paper, the
surface impedance boundary condition satisfying this new problem, the effective internal
impedance (EII), is much more localized than the SIBC from low to high frequencies. The
surface integral equation before applying the equivalence theorem for the exterior region
can be obtained from [3]

∫ dr ' G

1
ext

2
(r , r ') µ Ht (r ') + ∫ dr ' [Gext
(r , r ') − p (r ')δ (r − r ')] Az (r ') = 0

,

(1)

where Ht and Az are the tangential magnetic field and longitudinal magnetic vector
potential respectively, p (r ') is the position dependent coefficient describing source strength
1
2
distribution (often assumed without justification to be 0.5), and Gext
and Gext
are the free

space external Green’s function and its derivative with respect to the surface normal,
respectively, and the integral is carried out along the perimeter of all conductors. For the
interior region,

∫ dr ' G (r ,r ′) jωµ H (r ′) − ∫ dr '[G (r ,r ′) + [1− p(r ′)]δ (r − r ′)]E (r ') = 0
Γq

1
q

t

Γq

2
q

z

,

(2)

where Gq1 and Gq2 are the Green's function and its normal derivative for conductor q ,
respectively, and the integral is carried out along the each individual conductor perimeter
Γq . Equation (1) and (2) have to be solved together with the requirement that

∫

Γq

dr ' Ht = Iq

,

(3)

where Iq is the total current carried by conductor q .
After applying the equivalence theorem, the Green’s function that appears in
equation (2) can be replaced by the free space Green’s function used in (1). In this paper
we use continuity of the vector magnetic potential across conductor surfaces to complete the
definition of the EII. Equation (1) for the exterior region becomes
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∫ dr ' G

1
ext

2
(r , r ') µ Htext (r ') + ∫ dr ' [Gext
(r , r ') − p (r ')δ (r − r ')]Az (r ') = 0

,

(4)

where Htext is the external tangential magnetic field. For the interior region equation (2)
becomes

∫ dr 'G

1
ext

2
(r , r ′) µ Htin (r ′) + ∫ dr '[Gext
(r , r ′) + [1− p (r ′)]δ (r − r ′)]Az (r ′) = 0

,

(5)

where Htin is the internal tangential magnetic field and the integral is now carried out along
the entire surface of inside of the conductor.
If the values of external tangential magnetic field and magnetic vector potential are
exactly known in equation (4) (here, magnetic vector potential is related to magnetic field
r
r
by A = ∇ × µ H ), the position dependent coefficient p (r ') can be determined, and then

Htin can be found from equation (5).
For this new equivalent problem, the relationship between the longitudinal electric
field and the difference of the tangential magnetic fields across the equivalent surface
impedance sheet is called the effective internal impedance (the EII, to distinguish it from the
SIBC), and is then

Z eii (ω , r ') =

Htext

E z (r ')
E (r ')
= z
,
in
(r ') − Ht (r ') J s (r ')

(6)

where Z eii is the EII and J s is the equivalent surface current density.
To compute the integrated quantities of series impedance using the EII approach,
power applied, power dissipated, and magnetic energy stored in the equivalent problem are
found using

∫

− ds∇Φ
S

q

→
⋅ J s∗

=

∫ dsZ
S

2

eii

J s + jω

→ →
ds A⋅ J s∗
S

∫

,

(7)

where S is the conductor surface and Φ is the electric potential. The left-hand side of the
equation (7) is the power applied, the first term of right-hand side is the power dissipated,
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and the second term corresponds to the magnetic energy stored.

From the power

dissipation term in (7), resistance can be calculated using

Rqsrm

(ω )

∫
=

Γq

{

dr ′ Re Z eii J s

∫ dr ′J
Γq

2

}

⋅ lq ,

2

(8)

s

where l q is the length of the line q . Internal inductance of conductor q and total external
inductance are calculated from the stored magnetic energy term,
→

∫

→

µ dv H in ⋅ H in *
srm
L in
,q (ω ) =

Vq

Iq

∫
=−

Γq

=−

2

{

dr ′ Im E z Htin *

ω

∫ dr ′J
Γq

 → →in * 
ˆ
ds n ⋅  A × H 
Sq



∫

}

2

∫ dr ′J
Γq

2

s

⋅ lq

(9)

s

and

Lsrm
ext

(ω ) =

→
ext

∫

µ dv H

→
ext

⋅H

*

Vext

=

m

∑I

→ → 
ds nˆ ⋅  A × H ext * 
S



∫

∑ ∫ dr ′J

q

q =1

m

=

∑

q =1









∫

Γq

Γq

q =1

{(

dr ′ Im E z + ∇Φ

ω

2

m

2

∫ dr ′J
Γq

q

2

s

)

Htext *

s

}




 ⋅ lq ,




(10)

where Vext is the volume exterior to the conductors. The surface inductance due to the
magnetic energy stored by the impedance sheet is given by
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Lsrm
sur ,q (ω ) =

∫

S

{

ds Im Z q J s

ω Iq

eii
2

2

}=∫

Γq

{

dr ′ Im Z q J s

ω

eii

∫ dr ′J
Γq

2

}

2

⋅ lq .

(11)

s

Finally, the sum of internal, external, and surface inductances from (9), (10), and (11)
gives the total series inductance for the transmission line in the EII formulation.
To validate equations (8) to (11), a similar procedure can be used to derive the
equations for series impedance using the boundary element method [3, 17]. Using the
exact exterior magnetic and electric fields from the original problem, it can be shown that
the resistances given by (8) are identical to the original problem, that the external inductance
given by (10) is identical to the original problem, and the sum of (9) and (11) is identical to
the internal inductances in the original problem.

III. Surface Ribbon Method
For series impedance calculation, even though (8) to (11) are useful to validate the
new approach, it is a time-consuming task to solve the coupled integral equations. A much
simplified formulation can be derived directly from (4), (5), and (6). By subtracting (5)
from (4) and applying (6) the following integral equation results for m conductor system.
m

∑∫

Γq

q =1

{

dr ' jω

1
µ Gext

}

+ δ (r − r ′)Z eii (r ′) J s (r ') +

m

∑ ∫ dr 'δ (r − r ′)∇ Φ
q =1

Γq

z

q

= 0 . (12)

Each conductor perimeter Γq can be further divided into N q segments, each with sub
section Cq ,k , where these pieces represent current-carrying “ribbons” of width

w q ,k =

∫ dr . Equation (12) then becomes
C q ,k

m

q,k
Z eii

Ni

1
(r )J s (r ) + jωµ ∑ ∑ ∫ dr ' J is, j (r ') Gext
(r , r ') = −∇z Φq ,k ,

q,k

i =1 j =1

(13)

Ci , j
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q,k
and J q , k are respectively, the effective internal impedance and sheet current
where Z eii
s

density on the k ribbon ( k = 1, 2,L, N q ) of the qth conductor ( q = 1, 2,K, m ) at a given
th

frequency, and the second term on the left hand side represents contributions from self and
1
1
mutual inductances. For a two dimensional case Gext
(r , r ') = − ln r − r ' . If the ribbons
2π
are narrow enough that the sheet current density is constant across each ribbon, integrating
over the kth ribbon yields

I sk
wk

∫

N

k
drZ eii
Ck

(r ) + jωµ ∑
i =1

I si
wi

∫ ∫ dr ' drG

1
ext

Ck Ci

(r , r ') = − ∫ dr ∇z Φk

,

(14)

Ck

where I sk is the total sheet current carried by the kth ribbon, and for simplicity the double
superscript (q , k ) has been replaced with the single superscript k ( k = 1, 2,K, N ,

N = N q × m ). Finally,

k
Z eii
Is k

lk
+ jωµ
wk

N

∑
i =1

I si l k
wk wi

∫ ∫ dr 'drG
Ck Ci

1
ext

(r , r ') = Φ1k − Φk2

,

(15)

k
where Φ1k - Φk2 is voltage drop along the ribbon k, Z eii
is the EII averaged over the width

of ribbon k, and l k is the length of ribbon k, which is assumed to be 1 in a two
dimensional problem. Equation (15) can be expressed as an N x N matrix equation

[ ([Z eii ] + jω[L]) ]⋅ [I ] = [V ]

(16)

k
w k and [L ] is a matrix
where [Z eii ] is an N x N diagonal matrix made up of the Z eii

consisting of self and mutual inductances between surface ribbons. This approach is called
the surface ribbon method (SRM); Fig. 2b illustrates the technique for rectangular
conductor. Now rather than calculating resistance and inductance from equation (8) to (11),
if [Z eii ] is known (16) can be used to calculate resistance and inductance directly, as is
done in the volume filament method [1, 2]. As shown in the following section, the EII has
relatively localized characteristics, allowing [Z eii ] to be easily approximated.
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IV. Sample Results
To calculate the exact EII, the volume filament technique can be used to find the
external magnetic and electric fields and the vector magnetic potential, then these values can
be used in (4) and (5) to calculate the internal magnetic field, and finally the EII is found
using (6). Fig. 3 shows a comparison between the EII values for two circular conductors
with radii 1 mm separated by 0.2 mm, 20 mm, and 200 mm, and the surface impedance of
an isolated circular conductor given by [18],

Z cir =

(
(

j jωµσ J 0 ja jωµσ
σ
J1 ja jωµσ

),
)

(17)

where a is the radius of the conductor. The most interesting characteristics of the EII is the
position independence of the real part at low frequency, as shown in Fig. 3a. All real parts
of the EII are almost constant and are quite close to the surface impedance of the isolated
conductor calculated from (17).

The imaginary parts do have a position dependence,

especially when two conductors are very close to each other. However, this dependence
diminishes quickly as the two conductors are separated, with values of Im(EII) being
approximately the average of that obtained from (17). At high frequency, the internal fields
of the conductors approach zero, and the EII calculated from (6) is expected to approach to
the SIBC which is accurately approximated by (17) in the high frequency limit. Fig. 3b
shows that this does indeed occur. In other words, (17) can be used as an approximation
of the EII to calculate series impedance of circular conductors regardless of the frequency
or proximity of other conductors (i.e.,

k
Z eii
≈ Z cir in (15) and (16)). To support this

point, the series impedance of two circular conductors separated by 0.2 mm is calculated
and compared with the volume filament method as shown in Fig. 4. Here, a polygon with
degree 24 shown in Fig. 4a is used instead of a circular conductor to simplify the
calculation of the mutual inductance between ribbons. Figure 4b indicates (17) is indeed a
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good approximation of the EII for series impedance calculation even when conductors are
very close to each other.
The EII values for square conductors with width 25 µm and separated by 5 µm and
50 µm have also been calculated. It is impossible to calculate exactly the SIBC of isolated
square or rectangular conductors due to the singularity at the corner, however, it can be
approximated [19-21]. Fig. 5 shows the low frequency characteristics of the EII. Both
real and imaginary parts of the EII show similar characteristics as the circular case except
near the corner. At high frequency, the surface impedance of an infinitely wide and thick
conductor given by

Zs =

πf µ
(1+ j )
σ

(18)

is a reasonable approximation for the SIBC far from corners; Fig. 6 shows that the EII also
approaches (18) except near the corner.

Examination of other geometrical cases has

confirmed that the EII is well approximated by the surface impedance of an isolated
conductor, regardless of the presence of other conductors. Various studies [17, 22] have
shown that an approximated EII can be directly applied to (16) to accurately estimate the
series impedance of various cross-sectional conductors. The series impedance calculations
for multi-conductor transmission lines using the SRM are detailed in [17, 22].

V. Conclusions
The precise definition of an alternative surface impedance boundary condition has
been formulated for use in lossy transmission line analysis. For this boundary condition,
the conductor is modeled as an impedance sheet on the conductor perimeter, the conductor
interior is replaced by a (non-conducting) exterior material, and the effective internal
impedance (EII) is defined on the impedance sheet. At low frequency, the real part of the
EII is almost constant along the perimeter of a conductor, and at high frequency the EII
approaches the SIBC; hence, the EII is approximately a local quantity from low to high
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frequency. Approximations to the EII can be used in the surface ribbon method, producing
numerically efficient and accurate calculation of the series impedance of lossy multiconductor lines. Here, the SRM was applied to two dimensional problems, but can be
extended to three dimensional problems [17]. Since this method requires substantially less
memory than the VFM, the SRM can be used effectively for ground plane modeling
including current crowding effects.
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Figure Captions
Figure 1: (a) Original problem where conductors with finite conductivity carry volume
currents. (b) equivalent problem where conductor interior is replaced with non-conducting
exterior medium and equivalent surface current satisfying the boundary condition is used.

Figure 2: (a) Illustration of the volume filament technique where Lij represents the self
( i = j ) and mutual ( i ≠ j ) inductances between filaments; R is filament resistance given
by 1 σA where A is the cross-sectional area of the filament. (b) Surface ribbon method
where Lij represents the self and mutual inductance between surface ribbons and Z eii is the
diagonal elements of [Z eii ] given in (16).

Figure 3: Position dependency of EII for circular conductor with a = 1mm, d = 0.2, 20,
and 200 mm. solid line: d = 0.2 mm, dotted line: d = 2 mm, dashed line: d = 200 mm, dotdash line: equation (17). (a): low frequency limit (1 kHz); (b): high frequency limit (1
MHz).

Figure 4: (a) Segmentation scheme for circular conductor using polygon of degree 24 in the
SRM. (b) Series impedance calculation of two closely spaced circular conductors with a =
1 mm, d = 0.2 mm, N = 48. Solid line: SRM; dashed line: VFM

Figure 5: Position dependency of EII for square conductor with 25 µm width and d = 5 µm
and 50 µm at f = 1kHz. solid line: d = 5 µm, dashed line: d = 50 µm. (a) real part (b)
imaginary part.

Figure 6: Position dependency of EII for square conductor with 25 µm width and d = 5 µm
and 50 µm at f = 1 GHz. solid line: d = 5 µm, dotted line: d = 50 µm, dashed line: equation
(18). (a) real part (b) imaginary part.
Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

14

n̂

Vc
⊗J

ext

ext

(Ez ,Ht )
(ε ext ,µ ext , σ = 0 )
in

in

V ext

(Ez ,Ht )
(ε in ,µ in ,σ ≠ 0)
Γq

Figure 1(a)
Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

15

n̂
Az

⊗⊗

ext

ext

(Ez ,Ht )
(ε ext , µ ext ,σ = 0 )
V c (E in ,H in )
z
t
(ε ext , µ ext , σ = 0)

⊗
E
Js = ext z in = Ez
Ht - Ht
Zeii

V ext

Γq
Impedance Sheet,Zeii

Figure 1(b)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

16

Lij
R

R

Figure 2(a)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

17

Lij
Zeii

Zeii

Figure 2(b)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

18

-5

-6

6x10
a
+90

-90

d

-6

4x10

Real

-6

2x10

Im ag

-5

0

3x10

-90

Imaginary Part of Surface Impedance (Ω)

Real Part of Surface Impedance (Ω)

4x10

0x10
-60 Real-30
0
30
angle (degree)

60

90

Figure 3(a)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

19

Real or Imaginary Part of Surface Impedance (Ω)

3.2x10-4

Real
2.7x10-4

Im ag

2.2x10-4
-90

-60

-30
0
30
angle (degree)

60

90

Figure 3(b)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

20

Figure 4(a)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

21

5x10-7

Inductance (H /m )

Resistance (Ω/m )

1.00

0.10

1x10-7

0.01
1x103

1x104

1x105
1x106
Frequency (Hz)

1x107

Figure 4(b)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

22

0.020

Real Part of Surface Impedance (Ω)

W

0
s
+W

-W

0.015
d

0.010

0.005

0.000
-3x10-5 -2x10-5 -1x10-5 0x100 1x10-5 2x10-5 3x10-5
Position s (meters)

Figure 5(a)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

23

Imaginary Part of Surface Impedance (Ω)

2x10-7

1x10-7

0x100
-3x10-5 -2x10-5 -1x10-5 0x100 1x10-5 2x10-5 3x10-5
Position s (meters)

Figure 5(b)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

24

Real Part of Surface Impedance (Ω)

0.03

0.02

0.01

0.00
-3x10-5 -2x10-5 -1x10-5 0x100 1x10-5 2x10-5 3x10-5
Position s (meters)

Figure 6(a)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

25

Imaginary Part of Surface Impedance (Ω)

0.012

0.010

0.008

0.006

0.004
-3x10-5 -2x10-5 -1x10-5 0x100 1x10-5 2x10-5 3x10-5
Position s (meters)

Figure 6(b)

Kim et al., submitted to: IEEE Transactions on Microwave Theory and Techniques, Jan. 1999.

26

