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Quasi-Static Conductor Loss Calculations in Transmission Lines

using a New Conformal Mapping Technique
Emre Tuncer, Beom-Taek Lee, M. Saiful Islam, and Dean P. Neikirk

Abstract - A new approximatiortechnique to findthe total entire transmission line cross-section aocount forboth skin-
series impedanceper unit length for quasi-TEM transmission depthandcurrent crowding effects.Predictionsmade using this

lines includingconductorloss hasheendeveloped. It isshown approach are in excellent agreement with experimentadisuned
through the use of conformal mappingat both frequency results for a wide range of geometries, from dc to Highuency.
dependentskin-depth and proximity effects can beaccurately This new technique isiumerically efficient,and leads to new
modeled. Comparisonbetween experimental measurements amgjuivalentcircuits for the transmission lines thare highly

calculations for twin-lead, coplanatrips, parallel squarebars, appropriate for time domain simulations [10].

and coplanar waveguidall show excellent agreement. This

technique iseasily generalized toany transmission line making

use of polygonal cross-section conductors.

Il. SCALED CONDUCTIVITY, SURFACEIMPEDANCE, AND
INTERCONNECTSERIESIMPEDANCE
[. INTRODUCTION Under the influence of a conformahap, theshape of an
The evaluation oftonductorloss remains one of theore infinitesimal patch in the origina-plane(real space coordinates
difficult problems in transmission line analysis. Traditional x andjy, with dimensions length) is preserved, but maydiated
approaches includéhe incrementalinductancerule [1, 2] and and magnified in the-plane (mapped space coordinatieand;jv,
integration oveisurface currentlistribution [3]. Onedifficulty normally dimensionless). Thacale factorM relating a

with thesetechniques istheir failure to adequatelymodel the gigerentiallength in thez-plane to one in thev-plane is found
transition from low frequency to higiequencybehavior. When

. L . : from
calculatingbroad bandwidtitime-domain pulse propagation, for dw
instance, the dispersioinduced by this transition can be |dW| = ‘_‘[l]dz| =M []]dz| (1a)
significant. For digital ICinterconnect modelingseveral other dz

techniques for predictinghe frequency dependence dfe series dw
impedance per unit length have alseendeveloped4-6]. There M=— (1b)
is a continuing need for models whiakcurately predicboth the dz

attenuationand phase constants from dc tigh frequency for For the normal calculation afapacitancewhich depends on the

transmission lines using conductors with finite resistance. ratio of the width to the length gfatches in thew-plane, the
Quasi-static analysis, iparticular the use of conformal Scale factor cancels ithe mappeddomain. Howeverthe dc

mapping, is wellestablished as a useftéchnique for the Series resistance pemit length Rqc for a transmission line

calculation of propagation constants epfasi-TEM transmission depends on the area of the conductor:

lines. The application ofonformal mapping to thealculation

of the (complex) internaimpedance of conductors Iesswidely S B
used, although the impact of mapping on the Helmlegtztion Rgc = U J'gmxdy[l
is well known [7]. Thiseffect can beviewed as ascaling of ondictor O
metal conductivity [8, 9], whicltan be used to findonductor grosssecﬁon H
surface impedance ithe mappedplane. In thispaper weshow 0 gt
how conformal mappingcan be used to accurately evaluate 0 du dv O
frequency dependemonductorloss in quasi-TEM transmission =0 J’ oG5 WD
lines. The technique uses an isolated-conductor surfgeslance Srapped i
: . . X %mp i dz||dz|H
in conjunction with a conformal map for the foss section .
] : @
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This is identical tothe effective conductivity thatappears in the conformal map
"scaled" Helmholtz equation [7] inside a good conductor. Z-plane 5 W-plane

In some cases thecaledconductivity can beused directly to Ly 4Zigp = 23 M(uvy)
find the surface impedance of a conductor itramsmission line. : du(u, vy) du
For example,consider acoaxial cablewith a hollow center
conductor ofinner radiusrg and outer radiusrq. The usual E
conformal map for the calculation gfiasi-staticcapacitance and dx o, )
external inductance is

Vi

dx (x, y)

o<
c

Evb

W:InDZD:InDr D+'6 @) ;
EE EE J : 0 du(u, vp,) , Ug u

X
zX

conformal map 47 py = M (uvp)
ot =
du

wherez is thereal space coordinataving the dimensions of _
real space mapped domain

length)andw is the conformallymapped coordinatéwhich is Fig. 1: Conformal mapping process which unfolds conductors in

dimensionless). This map is normakyppliedonly to points (5 space (the-plane), scalingconductor conductivityand surface
betweenthe coaxialconductors. Howeverthe points falling impedancezg into the mapped plane (theplane)

betweerrg andrq, corresponding to materialith (uniform) real
space conductivityo, can also be mappedinto the w-plane.

Application of (3 defineweff for this region: In many cases the non-uniforronducting medium problem
o, 5 resulting from a conformal map is more difficult than the original
04 =0r°=or’exp(2u) ®) problem. However, for conductorloss calculations inmulti-

The mapped conductor extends from its outsigdace atu = O  conductortransmission lines, a somewhat simpgproach is
possible. Here weassumethere are two dominanteffects that

to its inner surface atU = _ln(rl/ ro): with  non-uniform  getermine the frequency-dependenturrent distribution in the
conductivity given by (5. Note that thedfective conductivity in  conductorgandhencethe seriegesistanceandinductance of the
the mappedplane has thainits of length - siemen, since thetransmission line). One idue to the frequency-dependerskin
spatial coordinates in the mapped plane are dimensionless.  depth; this leads to acomplex surface impedancdor each

To find the surface impedance dhe conformally mapped individual conductor. We also assume thisface impedance can
conductor we can solve a non-uniform transmission line problehe found for the conductor in isolation from any otbenductors
Applying transverse resonandbge surface impedance jsist the (i.e., itis an intrinsic property of a conductor, determined only by
input impedance of an equivalemansmission line lookingrom  the frequency andhe geometry, conductivity, permeability, and
u=0 in the u direction,with uniform plateseparation of one permittivity of theisolated conductor).The second effect to be

unit, 2rTwide, filled with a conducting medium wittonductivity accountedfor is currentcrowding induced by the interaction
given by (5. Thisequivalenttransmission line igerminated in between the conductors (i.e., the proximity effect). atourately

oo _ . R predictthe behavior of théransmission line thenodel should
an open circuit atl = _In(rl/ro) since the conductdends” at  5ccount foruniform distribution of current atlow frequency,
this point. Thepropagation constant variasith position u while at high frequency both the skilepthand proximity effects
along the line, and is will redistribute the current to the surfaces of the conductors.

. To make efficienuse of the conformal mappingchnique,
y(u) = \ ] WH Oy (6) the surface impedanc&s must first befound in the real-space

wherew is the angularfrequency,l is the permeability of the domain (thez-plane) foreachisolated conductor. In generalg
conductor, andD is given by (5. Theharacteristiampedance will depend orx andy (andhence, onu andv). Oncethis is

at each position is found, a conformal map is used to transform the full transmission
1 joou line into a parallel plate configuratjon (Fig. 1). Curremyvding
Zo(u) =_— |2 = @ effects canthen beaccountedfor in the mappeddomain, as
27‘[\ O discussedelow. Also note dundamentabssumption inguasi-

Solution for the input impedance is identical tthat for aradial statics: the fser_lelsnpedance(l.e., the reS|stanceand mqluctance)
of a transmission lineloesnot depend onthe dielectrics used.

transmission line, giving theesiredsurface impedancgs (in .

Thus, the conformal map appropriate for a homogeneous
Q/square) (se¢8) atbottom ofpage) whereln and Y are the gielectric problem is all that isrequired. All experimentaldata
nth order Bessel functions of the first and second kind, Shown below are in excellent agreement with this approximation.
respectively. This is theurface impedancdue to the center In general, assume a conformal nfég hasbeenfound
conductor ofthe coaxialline, found in the conformally-mapped for a particular transmission line structure. The map is such that
plane,and isidentical tothe exact expressiofound by solving it produces parallel plates in thew-plane, with the plates
directly the Helmholtz equation ithe x-y plane for theoriginal,
cylindrically-symmetric conductor [11].

W DYo(j A ] wua) Jl(j o~ wua) - Jo(j A ] wua) Yl(j o~ J wua) @®)
\' o Yl(j ] wuo) Jl(j o~ J a)ua) - Jl(j /] a)ua) Yl(j ro/] a)ua)

28 =
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parallel to theu -axis, extendingfrom O to ug, the top plate surface. Equation 14 isimplified in such casesnd takes the

located atv¢, andthe bottom plate aép. Referring toFig. 1, form

consider a pointq jy) on thesurface ofthe real spacesonductor o du g

with corresponding surface impedargx, y). For simplicity, Z(w)= ! - 0 (16)
S o : ) jeomolv — | + ZS{M(u,vt) + M(u,vb)} O

assume this point maps onto a point in Wh@lane at (, jv+t),

on the top parallel plate. The scakdface impedance ithew- To examine the behavior of (16), let us assdgés given by

-1

plane is given by ZS(a)) = RS(O‘)) + ijS(w) (17)
M (U'Vt)ZS(Xs’ ys) As w - 0 (i.e., in the low frequency limit), (16) becomes
_ - [Yo O
=M(u,v%)Z (Re[f 1u,v ],Im[f lu,v ])(9) . du
(zsrd ol el s :
-1 : : . . M(u,v) + M(u, vp)
where f (u,v) is the inverse of the mapping function. The g
differential seriesimpedanceper unit length dZtop due to a [Uo 0
differential widthdu of the top plate is then fiw \v - ‘ 0 du 0
0 1 JWHo [Vt —Vp % M( )+ M 20
M (u,vt)Zs(Re[f (u,vt)], I m[f (U,Vt)]) [M(uw)+Muw)] "5 s
du Yo q 0
(10 x O u 0
The bottom plate also contributes to the series impedance o M(U7Vt) + M(U7Vb)5
M (u’vb) ZS(Re[ f —1(u’vb)], | m[ f _1(U,Vb)]) If the two conductor transmission line is symmetric (i.e., the two
dzbot = conductors have identical cross-sectiandthereexists a line of
du mirror symmetrybetweenthem), then M(u,vt) = M(u,vb),
(11)

To find the total differential seriesimpedanceper unit length a1d atw = 0 the first term of (18) is exactly thietal dc
dZtot due to this portion of the transmission line we assume fiSiStance per unit length of the conductors

1
magnetic fields between the plata® uniform, giving rise to an Yo du 0
inductance Ric =2 Rs(0) g—m (19)
c S
Vi =V, 0 M(u,v )0
dL = w (12) ( t) E
u

since the integral is exactly the perimeter of ¢baductor. Note

wherellp is the permeability ofree space. Finally, the total 5 the total deesistance pemnit length is the sum of the dc

differential series impedance per unit lend#gt is resistances per unit length for each of the individual conductors.
To find the high frequencybehavior of (16) first note
dZt t = dzt +de ¢+ joodL (13) that the high frequencgonductor surface impedanakvaystends
SN . 0[11]
The total (quasi-static) seri@mpedanceper unit lengthZ(w) for e LW 1
the transmission line idue tothe parallel combination ofach Z3 - (1)) =—(1+])) (20)
differential impedancegiving (14), (shown at the bottom of the \ 20 go
page) where for simplicity in notation we have used wheredis the conductor skin depth. Withis substitution, the
high fr_quenc_y se_ries impedance per unit length for the
2o(un) = 2[R 12w im{ i u)]) a5 vansmissonine s i
X o
The complex propagatlon constgntfor the transmission line is  hf :i (l+21) E du[M(u,vt)+ M(u,vb)] E+ jwlvlo‘Vt Vb‘
now given by y=+/Z(w) [¥(w), where Y(w) is the shunt g0 U } g Uo
admittance per unit length for the transmission laed Z(w) is (21)

found from (14). Previous attempts to use conformal mappingtRe second inductiveerm in (21) is exactly the normekternal
evaluate conductdoss haveused "effective’(average)alues for quasi-static inductancéext expectedfrom a conformal map
the scale factor [12, 13], and generally havepiatedM and the producing parallel plates in the mapped domain
surface impedancwithin the integralfor the seriesimpedance _
Z(w). This can lead to significant inaccuracy, sinceftbquency Loy = HoM ~ Vb 22)
dependence of current crowding is not properly accounted for. ext Ug

In somecases (such as circular conductdtsin” plates, or To understand the real part of (2&pnsiderthe conventional

any conductorwith rotational symmetry) theurface impedance 4ph0ach  to  conductorloss  calculation based on  an
Zsis independent of position on the conductor

Yo

-1
du

0 (14)
Z(w) gjwﬂoM _Vb| +{ZS(U’Vt) M(u,vt) +Zs(u,vb) M(U,Vb)}

OO d
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integral over thehigh frequencycurrent densityJ; in the real
space domain [3]

1 2 o 101
> (hat) Re 7

2 O
=== J,| dip@3)
0 2mps | g

_l::onductor

whereltot is the total current carried by the transmission line, and

the integral isevaluatedalong thesurfaces othe conductors (in

the z-plane). In themappedplane dl becomesdu / M{w), and
|JZ| is given by [3]
13, = ot [AW] _ liot M (24)
U, |dz Ug

where the scale factorM(w) is evaluatedalong the top and
bottom plates (fronu =0 tou = ug). Substitution of24) into

(23) gives

ReElZ

which is identical to the reaI part of (21). It is |mportantntne
that this result can only besed athigh frequency,andwhen the
surfaceresistance isndependent oposition inreal spacewhen
these conditionarenot met, the morgeneralresult given by
(14) should be used.

The conformal mappingechnique discussealboverequires

hf|:| 1

1=
0 sou? DIdu[M u,v¢) + M( uvb]

the knowledge ofhe surface impedance of each conductor in the

transmission line. For aonductorwith circular cross-section,
this would begiven by (8). However, manytransmission lines
make use of conductors with rectangular cross-section.
conductor in the originatlomain ismuch thinner than it¢ateral
extent, it can be approximated as thin sheet with surface
impedanceZs given by [14]

Zs(w, t, 0) = \%(1”) _ o5(+])
] e
(26)

wheret is the thickness of theonductor. Equation 2froduces
the normal skin depth-limited surface impedance dtigh
frequency, as well as the appropriliey frequencylimit, i.e., as
w - 0,Zsg - 2/ 0t (thefactor oftwo appearing becaugbis

resistance represents only one side of the plate).

For rectangular conductorswith appreciable thickness,
however, this simple result will not hold. Anaccurate
approximate expression for a thicknducting plate shoulgeld
both the correct dc resistancetbé conductor agv — 0 as well
as theproper skin effect behavior athigh frequency. The
simplestapproach is talivide the rectangularcross sectiorinto
segments, as shown in Fig. 2 [15]The rectangular regions
(regions A in Fig. 2a) should havesurface impedancgiven
approximately by (26).

In the squareregions (region< in Fig. 2a) the skin effect
will cause current crowding towattle outsidecorner athigh
frequencies. Bysymmetry, weneed only find the surface
impedance as a function of position for half of Hupareregion,
divided along a diagonal (regid@' in Fig. 2a). Tocapturethis
effect we can divide regio@' into N triangular sectionsand use
the distance from the base of each section

If a "flat"
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< »

< w >
region C region A “region C T
t
75 —p
region A— region C

/

2
29

Fig. 2. (a)
approximationZ g for the rectangular sections (regioh}is given by (26).

Rectangular bar brokeinto sections forsurface impedance
(b)

nth triangular section of regio@' used to approximate current crowding to the
corners, with surface impedance given by (29).

to the inside cornetp, as the "thickness" of this segment of

onductor(F|g 2b). For thenth (n=0, 1, 2, ...,N-1) section
the effective thicknedsy, is given by
t | [h+ %Dz
=— 1+ (27)
M 2\ HN H
and the widthwp, at the surface by
O O
1 1
Wi, =_Nn[] I + n+1D (28)
2 E{“*(”*i)ﬁ N+ (n+3)"¢

The surface impedanczg of thenth triangular sectiortan then
be found by applying transverse resonancand non-uniform
transmission line analysis [15-17], yielding
j\jouo Jo(J\s’ijUhn t

W, O Jl(j\;’jwuahn) 2N
where Jg and J1 are Besselfunctions of the first kind. The
position-dependent surface impedancthmcornerregion isthus
represented b position-independent surface impedances, one for
eachwpn width of thesurface. For asfew asfour sections,this
expression accurately predicts the impedancesglare conductor
[15].

A. Circular Cylindrical Conductors (Twin-lead)

A simple testcasefor the conformal mappingechnique is
the case of parallel wires, or "twlead"transmission line. Here
the proximity of the two wire¢eads to current crowding aigh
frequencies, while at low frequencies the current remains
uniformly distributed acrosseach wire's cross-section.  The
surface impedance of eachwire is still assumed

EXAMPLES
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to be given by (8). For two wires o&diusR1 and Rp, with

center-to-center separati@ assuming wire one is centered at the %n O
origin in the z-plane, and wire two is centered at, 0), the ~ du B
i ) - w) =
desired mapping function is _ 0 o+ aDD areOL d 00
0 ,_pa O E0 jou,n g R Q +23"°0° 0R + cos(u)DDB
= 7—iln0 1 0 (30) U O Oa
w =TT jInDRl 70
g Alz_(Rl) | cnci + jou D|n Ed"'aDDDZ %urc 1D2
whereA1 is given by (31), shown at the bottom of thage. 7-[\ 0 R Eh H
This mapswire oneinto a flat plate in thew-plane, extending (36)

fromu = 0tou= 2, located avp = 0. Wiretwo alsoextends Taking the high frequencymit (either bytaking the limit asw

from u = 0 tou = 277 located aty; =‘In pecomes Iarge_ in(36), or by using(21)) the total series
impedance is given by

given by (32),seethe bottom of the page. Ttseale factors for C'fC IJo|n d a /R]
nR %ﬁ

the two conductors are diﬁerent (37)

M. %Q Ell OR O BE Ejl + OR, DZ + ZD osu[(33) which is exactly theexpectedresult [18]. The lowfrequency
EKH & B HKEC limit (using either (36), or (18)) is
circ
wherei:1 gives M, for wire one (thebottom pIate in the zIf = Zs B uoln[ (d+ a/R] EH (382)
mappeddomain), i =2 gives M, for wire two (the top plate), r[R
andA2 can be found from (31) by interchangiRg andR2. The = 2 + ijHO In d ra /R] %§+ L (38Db)
Fotal series;'mp_edanceper unit length is given bysubstitution onR? T 47TE
into (14), yielding , where (38b) is obtained baking the lowfrequencylimit of (8)
Z(w)= L ESZ C'rC(Rl,Gl,w) 1+(R1/A1) for ZCIrC assuming solicconductors. Theeal part of (38b) is
EH Ry 1- (R1 /Al)z exactly thetotal dcresistance peunit length of the two wires,
ZC”C(R ) L (R A ) 2/(0 ITRZ). In addition, the redistribution of current across the
O,w) 1+ 2
T 272 i) . jwuo{ln[Ro/Rl]}) full cross-section of the wires at lofkequencyhas led to an
R2 1- (Rz Az increase in the inductance by a factodffcompared to théigh
0 circ frequencyexternal inductanceplus the low frequencyinternal
_ 4DZ (Rl’al’“’) 1 inductance othe two conductors,u/(4r[). The lowfrequency

A A 1- (Rl /A1)2 (34) inductancefrom (38) is compared tothat found from an energy
integral [19] in Fig. 3, as a function dfR. Since the mapping

_ 2 D% technique assumes uniform flux between the parallel plates in the
z g”c(Rz,az,w) 1 0 5 mapped domain at all frequencies it overestimates the'dc”
A sd 0 inductance, although fal/R = 2 theerror isless than 10 %, and
2 1- (Rz Az) H . for d/R > 6 the error is less than 1.5 %.

Fig. 4 compareghe measured impedanger unit length of

circ . . .

where Z g (Ri 1O 1(‘)) is the surface impedance dhe ith parallel, closelyspacedcircular wires tothe calculated values

wire (i = 1or 2), given by (8). from (36). Also shown for comparison is thekin depth
For two solid wires ofdentical radiusR andconductivity o, resistanceignoring current crowding. Irthis example current

considerable simplification of (34) is possible. For example, fSFOWd'ng beginsbeforethe skindepth becomesmaller than the

two wirescentered atd, 0) and {d, 0) in thez-plane (i.e.,d is fadius ofthe wire. The conformal mapping resulése in

half the center-to-centeseparation of theonductors)the desired excellent agreement W'th- the e_xpenmental measurements over the
mapping function is whoIe_frequencyr_ange, mcludlng 'the_ transition frordc-like
behavior (i.e., uniform current distribution) to current-crowded

w=m+jln [z - all (35) behavior. Also note that in the experiment the supporting

E H structure for the wires was an "inhomogeneatislectric(i.e., it

T2 2 ) ] dd not possess any of the symmetries of the

where a = d — R“. Solution of(14) then gives the total

series impedance per unit length

Al:(R1)2+CZ (Rz §C+FZZC Rl)zggC—Rz)z—(Rl)ZE @

] CZ—(RZ) (R1 \/gcmz Rl)zggC—Rz)z—(Rl)ZE @)
0= 2R,
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(since the ground plane is infinitely wide, and thus contributes no
dc resistance)thus, theerror becomessmall for wires widely
removed from the plane (i.@ >> R) or when the sheetsistance

of the groundplane is much lower than that of thére (i.e., t

Ogp >>R0).

=

o
©

0.8
0.7 -
0.6

05 IV. RECTANGULAR CYLINDRICAL CONDUCTORS

Low Frequency Inductance (units of )

0.4 , A. Symmetric Coplanar Strips
o For conductorswith rectangular cross-section a conformal
0.3 ‘ N ; . !
1 10 map is guaranteed toexist, based on aSchwarz-Christoffel
d /R (dimensionless) transformation. A particularly simplease ofparallel conducting

Fig. 3. Calculated low frequency inductance of parallel circular wires of radingctangular barare coplanarstrips of thickness$, width w, and

R, d is half the wire separationsolid line: conformal mapping resulffrom
(38b)): © : inductance found from magnetic field energy integratiesuming 92P between stripsd2 For thin strips (i.e.t << w or d) placed

wires with uniform current distribution. on thex-axis in thez-plane, with the origin half wapetween the

1x10°2 two strips, the conformal map is defined by
~ z
p: . dz
é W=l I 2 2 2 2 (41)
£ 1x10°3 2 _ 2 _
S 0\/ [z d ][z (w+d) ]
g = By symmetry, for the impedancecalculation we need only
‘él 4 I consider the upper half plane (the lower half platile make an
£ 1x10 2 . . . . .
@ Y, identical contribution in parallel)and the scale factors for the
s 7 v\ easured "top" and"bottom" plates in thenappeddomain(i.e., M(u, )
. ‘ ‘ andM(u, \p)) must beidentical. Herethe scale factor is easily
1x101x103 1x10° 1X10° 1106 found along the real spaxfaxis
Frequency (Hz)
Fig. 4. Measured(solid lines) andcalculated real and imaginary parts of the M( ) (42)

impedance per unit length for parallel, circular wirRs< 0.10cm,d = 0.11cm,

0=58x 1('5-’Scm'1). -——— : conformal mapping results from (36);
— .. — : skin effect resistance only (no current crowding).

e ey

The "plate” separation in the mapped dordxx{n— Vb| is

twin-lead). Theagreement between measuremeand calculation
supports thequasi-staticassumption that the configuration of dx
dielectrics does not effect the series impedance. Vb| ZIM dX = 2J- 3
| [d2 - X ][ w+d 2

This same mappingrocess caralso beused to find an
expression for the series impedance of a circular conductor over an
infinitely wide ground plane with finite conductivity. Forvare (43)
of radiusR and conductivityo, whose center is a distandeabove The total seriesmpedanceper unit length for thin co-planar
a ground plane with conductivitygp and thickness2, the result strips is then (44), (shown at the bottom of the rpge)where
is (39), shown at the bottom of the pagehere Zs is the Zsis the surface impedance of thin strips, given by (26).

. ; _ The measured impedangger unit length of thin coplanar
surface impedance dhe groundplane, given by (26). Ihis  gyihq is shown in Fig. 5, along with tiealculatedresultsfrom
case, since the conductors ar identical inshape, theeal part 44y Also shown for comparisoare several discreteoints
of (39) atw = 0 is notguaranteed to bthe correct dc resistance .4 culated using a commercial software packageAnsoft's
of the transmission line. Taking the dc limit of (39) gives ® . . . ha

Maxwell™, as well as the skidepth resistancgnoring current

U Ro i i ' is @
Re[Z(w =0 map _ W|re | (40) crowding. Again, the conformal mapping result is éxcellent
[ ( )] Ric \“ [ E t 2 a agreement with the experimental measurements from loligto

where RW€ is the dc resistance per unit lenath of tiee (i.e., frequency, capturing the impact of currendwding onthe series
Rac P 9 resistance of the transmission line.

]/(NR2 a))- Note the correct dc resistance should:{lfg"e A more generalresult can also be derived for thick,
coplanar rectangular conductors. Two conformal napsequired
to convertthis structureinto aparallel plate configuration. The

2(@)= \/ %Bd 28 + 280+ jop,In aﬁg G (e +ng)§ @9)
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1x10t F
1x1072
1x10°° |

1x107% |

Series Impedance (Ohm cm‘l)

.’; L s g

1x10° bkl
1x10%  1x10*  1x10°  1x10°
Frequency (Hz)

1x107

Fig. 5. Comparisonbetween measuredsolid lines) and simulatedseries
impedance peunit length (real and imaginary parts) fdhin coplanar strips.
The strips were supported by a 0.08 cm thégk= 2.55 substrate, and tistrip

dimensions wered = 0.05 cmw = 1.3 cmt = 17um, ando = 5.8 x 18 scml
(copper). = —= = . : conformal mapping results from (449;: imaginarypart
calculated using Maxwell ® : real part calculated using Maxwell ®;

. skin effect resistance only (ho current crowding).

first map is between the real spaeplaneand anintermediatet-
plane, in which theectangular conductorare transformednto
two thin, coplanar strips

-1

G
o, o

d&' (45)
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<t0.4cm P

i

1x10°%

leO'l L 0.l1cm
2 P
1x10? 0.038 cm

£33

map

1x1073 F

2 ki

ti_ ..... -+ skin resistance

measured

bl =L .

1x10™ E 2 :7\

Series Impedance (Ohm cm‘l)

¥

1x10°®

1x10®  1x10*  1x10°  1x10®  1x107

Frequency (Hz)

Fig. 6. Real and imaginary parts of the impedance upérlength for coplanar,
square hollow bars (0.40 cm sides, 0.038 cm wall thickness, Odeparation

between barsg = 1.5 x 18 scml (brass)).— = - : conformal mapping results

from (48); *&: imaginary part calculatedsingMaxwell ®; ®: real part
calculatedusing Maxwell ®; — - - -: skin effect resistanceonly (no current
crowding).

whereZg is thesurface impedance dfe rectangular conductors

(given approximately by eqgs. 26d29). Figure 6 shows both
measured andalculatedresults forhollow, squarecoplanar bars;
here the surface impedance was found from eqgs. 26 ase@idg
t/2 equal tothe wall thickness of the hollow brassnductors.

Also shownare several discretpoints found using Maxwell ®.
The agreement betweethe conformal map calculatioand the

where the values ofc, k, k1, and ko are determined by the measured data igood, capturing thérequency dependent current
separation, width, and thickness of tieetangular conductors. A crowding evenfor this extreme case otlosely spacedsquare
second map is required to convert to the final parallel plates in ggaductors.

w-plane:

1
W =
I ]/ k2)
In this case |t |seaS|est to scalthe surface impedancés from
the z-plane into thef-plane,andalso scalethe inductance from

de’ (46)

thew-plane into the samgplane. The two scale factors are the

[ag|_|1 | (E-yE-v¢) a
M| gz = c\/ (2 -11¢)(e2-113) e
N(g) = j—fv =1 (£2-1)(e2 -, (47b)

and the series impedance per unit lergfth) is given by

B. Coplanar Waveguide

To verify the accuracy ofthis technique at microwave
frequencies, we havealso made measurements orcoplanar
waveguide (CPW) fabricated on low lodiglectric substrates [20,
21]. Here weshow the results for a semi-insulatingaAs
substrate (approximately 5Q¢0n thick), for rf frequencies from
45 MHz to 40 GHz. The CPW metallization was Qi of
I%vaporated;nver with center conductowidth of 10 um, gaps
betweenthe center conductoand ground planes of 7um, and
ground plane widths of 500um. The conformal mapping
functions discussed in[22, 23] were used tocalculate the
capacitanceper unit length of the CPW (usingr = 1 for the

upper half space, argg = 13 for the lower half spacegnd were
also used(using & = 1 everywhere) in(14) to find the series
impedanceper unit length, assuming aurface impedancgiven

[k D_l by (26). Both the experimental results and calculated vétaes
Z(w) = i dg O (48) our mod_elareshown !n Fig. 7. For thexperimentalresults,
BJ. j oy —Vp|N(E) + 2Zg(w,E)M(E) T attenuationand effective refractive index @ = P/Bg) were
! o extractedfrom the S-parametersneasuredusing an HP8510B
Network Analyzer. Excellent agreement
0 Y Ob gd+w D_l O d+w o™

du dx IZI

Z(w)= 2 (- =
§J;J&¥10Vt ~Vp| +2ZsM(u) 5 g -([{Jwﬂo\vt Vb\/M(X)} +ZZSE % % kol — Vb\\/ [x —dZ] [ (w+d)? - x ] +ZZSH

(44)
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- 500 pm -

Effective Index of Refraction
Attenuation Constant (dB/cm)

Frequency (GHz)
Fig. 7. Comparisonbetween measuresolid lines) and simulatedttenuation
constant and effective refractive index for coplanar waveguide on &a&$
substrate. CPW dimensions are: center conductor width gni.Ogapwidths =

7 um, ground plane widths = 5@0n, metal thickness = 0y8m, ando = 6 x 10

Seml (evaporated silver). O: conformal mapping resulteffective index;
O : conformal mapping results, attenuation constaht; attenuation constant

assuming nocurrent crowdingbut including skindepth from (29); A:
attenuation constant using the incremental inductance rule [27]; attenuation
constant using the integral over high frequency surface current density [3] .

between experimerand calculation over thdull frequency range
(45 MHz - 40GHz) is obtained. Excellent agreememas also
been obtained fodevices fabricated omlass substratesagain

supporting the validity of theuasi-staticassumption that the
dielectricconstant of the substratibesnot influence theseries

impedance othe interconnect. Also shown iRig. 7 are the

calculatedattenuation constants assumi#gis given by the
guasi-static inductance iseries with theskin-effect resistance
(i.e., ignoringcurrent crowding)the attenuation constafund

using theincrementalinductancerule [2], and the attenuation
constantobtained byintegrating over thehigh frequency CPW
currentdistribution [3]. Conductorloss calculations fronother

existing quasi-staticanalysis [24] also fail toagreewith the

experimentalresults. Wehave also comparedthe extensive
experimental data of Hayeit al [Haydl, 1991 #10;Haydl, 1992

#11] to our model; in alcases excellent agreememis been

obtained. Again, no fitting factors aused;only the dimensions
of the CPW and conductivity of the metahre requiredfor the

calculation.

V. CONCLUSION

In summary, wehavediscussed aew quasi-statitechnique
for the calculation otonductorloss in quasi-TEM transmission
lines that shows excellent agreementwith experimental
measurements. Thechniqueuses arisolated-conductosurface
impedance inconjunction with aconformal map for theentire
transmission line cross-section to account for both skin-depth
current crowding effects.The new modekan accuratelyredict
the seriesmpedanceper unit length from dc to higHrequencies
for conductors with finite conductivity.  The approach is
numerically efficient, and can be
transmission line structureusing polygonal cross-section
conductors. Thisechniqueshould be particularly useful itime
domain pulse propagation models foiintegrated circuit

readily applied to any
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